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Abstract. We generalize a work of lovita-Zaharescu on the Galois theory of to the imperfect residue 
field case. The proof is based on a structure theorem of Colmez's higher Kahler differentials. 



Introduction 

Let K he a. CDVF of characteristic (0,p) with perfect residue field. Let be the ring of p-adic periods 
of K defined by Fontaine. It is a complete discrete valuation ring with residue field Cp. Let / be the maximal 
ideal of B'^^ and let Bk = B'^^/l'^'^^. Then they are endowed with a topology induced by the p-adic topology 
of Cp. For an algebraic extension L/K, put Gl = Gal{K/L) and let (resp. L^) be the topological closure 
of L in Bk (resp. B^^) with respect to this topology. 

lovita-Zaharescu studied in ||z| the following problem: 

For an algebraic extension L/K, does one have Lk = B^'^ (resp. L^o = (B^^)^'^) ? 

(In fact, they assume K — Qp and Q^" C L, but, by slight modifications, the same proofs work for general 
local fields K with perfect residue field.) When k = 0, Ax-Sen- Tate proved that this is always true, namely, 
L = Cp^, where ^ denotes the p-adic completion (actually, [ ^enl |, | Tate | proved it in the perfect residue 
field case and |Ax| proved it in the general residue field case). However, in general, this is not always true: 
In order that this is true, we need some conditions which involve the canonical derivation d : Ol = O^^"^ — > 
^OtJOk ~ ^OlIOk ^^"^ higher analogue (P^'^ : o'"^ il^^y^^^ introduced in |Co| . The main theorem 

of PI is 

Theorem (||z|. Theorem 0.1, 0.2, 4.2). Let Cp(l) be the Tate twist of Cp by the cyclotomic character. 

(I) // H"(G'L,Cp(l)) = 0, then Lk = B'^^ for all k and L^ = (^^r)'^'-- Moreover, these rings are 
isomorphic to L. 

(II) //H0(Gl,Cp(1)) ^ 0, then Lk = tf and only if Tp{n''^l^^J ^ {where Tp{n''^'l^^J denotes 
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the Tate module associated to ) and the canonical derivation d'"-* : O P i^ln //n 

surjective for 1 < n < k. Loo ~ (^dR)*^^ */ ^'^'^ only if Lk ~ B^'^ for all k. 

The aim of this paper is to prove a generalization of their result to the case where the residue field of 
K has a finite p-basis. To overcome the technical difficulties caused by imperfectness, we prove a structure 
theorem of the higher Kahler differentials, which is one of the new ingredients of this paper. Although 
lovita-Zaharescu's proof is very complicated, this structure theorem makes the proofs drastically simple. 



Plan of the paper 



In §|T|, we define rings of p-adic periods of Fontaine and state their basic properties. In we define the 
higher Kahler differentials of Colmez and generalize his results in the imperfect residue case. In we prove 
a structure theorem for the higher Kahlaer differentials. In we prove the main theorem (Theorem 4.1C) 
using the results in previous sections. Finally, in S^, we will state a refined version of the main theorem in 
particular cases and give some examples. 
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Notation 

Throughout this paper, p denotes a fixed prime number. A local field X is a CDVF of mixed characteristic 
{0,p) with residue field kx satisfying [kx ■ k^] = p'^ < oo and K denotes always a local field if there is no 
particular mention. Let Ok, t^k, ^k, sk, kK, vk be the integer ring, a uniformizer, the maximal ideal, 
the absolute ramification index, the residue field, the valuation normalized by vkIt^k) = 1 of K and let Kq 
be a Cohen subfield of K. For an algebraic extension L/K, denote its p-adic completion by L, the relative 
ramification index by e^/K and put Gl — Gal(A'/L). K denotes an algebraic closure of K and Cp denotes 
the p-adic completion of K. Ocp denotes the integer ring of Cp and Vp denotes the p-adic valuation of Cp 
normalized by Vp{p) — I. All cohomologies are assumed to be the continuous ones. 

For an abelian group M, put M[p"] — ker (p" : M — *■ M), Mdw the maximal p-divisible subgroup of M, 
TpM = limM[p"], VpM = Qp TpM. For a ring R and an i?-module M, put ^(M) the infimum of the 
number of generators of M as an i?-module. 

For n = {ni, . . . , Ud) S N'' and elements cci, . . . , of a commutative ring R, we use multi-index notation, 
i.e., write a;" for x"^ ■ ■ ■ x^'' . 

1. Preliminaries 

1.1. Basic definitions. Put E+ = lim^^^p Ocp/pOc^,, which is a perfect ring of characteristic p. This ring 
is identified with the set {(a;*")) £ O^^ \ (a;("+i))P = x^") for all n} as follows: For x = (x„) G i+, choose a 
lift x^ e Ocp of x„ for each n and put 

x^ ^ — lim Xji-^jyi 

m — ^oo 

Then the map (a;„) '-^ (a;^"-*) gives a bijection. If x = (x'"^) G IE+, let ve{x) = Up(x'^"^). This is a valuation 
of E+, for which E+ is complete. For x G Ocpi x denotes an element of E+ such that i'"-* = x. 
Put A+ = VF(E+) and let 6 : A+ ^ Oc be the ring homomorphism given by 




E 

neN 



for Xn G E+. Here W{R) denotes the Witt ring of a commutative ring R and [x] denotes the Teichmiiller 
lift of X G i?. Note that ker 6* = (p - [p]). 

Let 6 : Ok®iA'^ be the linear extension of the above 9. Put Ai„f (Ocp/Ox) = lim Ox ®z A+/(p, ker Of^'^ 

and 9 : A^^fiOc /Ok) ~* Oc denotes the homomorphism induced by 9. Denote the canonical homomor- 
phism A,,,i{OcJOK)[p-^] ^Cp also by 9. Put /+ = ker^ c Ajnf (Ocp/Ox), Ak = Ai„f (Ocp/Ok)/^^'. 

Put i?^pj = lim Ainf(C'cp/Ci4:)[p~^]/(ker0)''+^ and denote the canonical homomorphism B^^ — * Cp also 
hy 9. Put I = k^-9 C B+R, Jk = /V/'+\ Bk = B+J 



1.2. Some properties of Ajnf (Oc /Ok)- For general properties of topological rings, see [ EGAI , Chapitre 
0, §7] for e xamp le. 

Recall ( I Fon , §1]) that Ai^f (Ocp/Cx) (resp. Ak) is Hausdorff complete with respect to (p, /+), p, /+- 
adic topology (resp. p-adic topology) and that ^inf (CCp/Ck) (resp. A^) is the universal pro-infinitesimal 
Oif -thickening of Oc (resp. the universal infinitesimal C^-thickening of Oc of order < fc), which means 
the initial object in the category consisting of the following objects {D,9): D is an O/f -algebra endowed 
with a surjective O/f -homomorphism 9 : D ^ Oc which is (p, ker 0)-adically Hausdorff complete (resp. and 
(ker0)'=+i = 0). 

In the following, we regard Aini{Oc /Ok) as an O/f-algebra and an A+-algebra. 
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Lemma 1.1. The canonical homomorphism 

Ok ®Ok, Ai„f(Oc,/OKo) A,,,i{OcJOK) 

is an isomorphism. 



Proof ( |Bri| , The proof of Proposition 2.1.5]). Let (resp. 9ok) be the canonical projection Aiai{Ocp/OKo) — * 
OCp (resp. the hnear extension of 6* to Oi4:(8)C)^^Anf(CCp/Cifo))- First, we claim that OK(8)OKo^inf(CCp/Cifo) 
is (p, ker 6'c)j^ )-adically Hausdorff complete. To prove this, we prove the (p, ker 6*0^ )-adic topology and 
the {p, 1 ker0)-adic topology are the same. Since ker^o^, = (1 (g) keT9,TTK (8) 1 — 1 (8> [ttk]), we have 
{p^kerdoKY'^ C (ttk ® 1,1 ® ker6') and {ttk 1,1 (8) ker6')''^/^o c (p, 1 ker6'). This claim implies 
that Ok ^Okq ^inf (C'Cp/Cxo) is a pro- infinitesimal thickening of over Ok, hence the universality 
of Ainf{OcJOK) induces a map Ai„f (Ocp/Cx) ^ Ok ®Oko ^inf (CCp/Cxo)- By the universality of 
Aini{Ocj,/OK), the composition map 

A^AOcJOk) -> Ok ®Ok„ Ai„f(Ocp/OKo) A„f(Ocp/OK) 
is identity. On the other hand, by the universality of Ajnf (Ocp/Oxo); the composition map 

Ok ®Ok„ A^t{OcJOKo) AnliOcJOK) ^ Ok ^O^, AnliOcJOK,,) 

is also identity, which implies the assertion. □ 

We say ti, . . . ,td G Ok is a p-basis of i^T if ii, . . . , is a p-basis of kK- Similarly, ti, . . . , td' G Ol is a 
p-basis of L/K if ti, . . . is a p-basis of k^/kK- 

Proposition 1.2. Let &e the Witt ring of the maximal perfect subfield of kK- Fix ap-basis ti, . . . ,td of Kq 

and put Ui^ti- [ti] G ^inf (Ccp/Ca'o)- Let : A+|ui, . . . , — > Ocp be the composite A+|mi, . . . ,Ud\ 
A+^Ocp. 

(i) There exists a unique injective W -algebra homomorphism Okq ^ ^'^{ui, ■ ■ ■ , Udj', tj 1— > [tj] + Uj. In 
the rest of this proposition, fix this OKa-olgebra structure on A+|iti, . . . , u^]- 

(ii) The canonical h.'^ -algebra homomorphism A+|ui, . . . , Udl — * v4inf (C'cp/C'ifo) '^'^ OKg-algebra ho- 
momorphism and induces, for k £ N, OK-o.igebra isomorphisms 

Ok ®o^, A+|ui, . . . ,uJ/(ker0OK)'+' ^ Ainf (Ocp/OK)/(ker0)'=+i, 

Ok ®Oko A+Iui,...,Mrf] Ainf(C'cp/OK), 

where Oqk ■ Ok ®Ok„ A+|ui, . . . , UdJ Ocp "is the linear extension of 9. 

(iii) ker^o^, = (1 (g) ui, . . . , 1 ® u.^, tt^ ® 1 - 1 (g) [tF^]) and {1 ® wi, . . . , 1 ® u^, tt^ ® 1 — 1 (g) [tF^]} is an 
Cif SJoj^jj A+|ui, . . . , UdJ-regular sequence. 

Proof, (i) Since A+|ui, . . . , u^l is kerS — {p — [p], ui, . . . , Ud)-adic Hausdorff complete, we can replace 
A+ . . . ,Udj by A+|ui, . . . ,uj/(ker6')'^''"^. This is shown in the proof of |Bri| , Lemme 2.1.3]. 

(iii) We regard A+ = A+|ui, . . . , Udj/ (wi, . . . , Ud) as an O/fg -algebra. For the first assertion, it has only 
to prove ker(6'ciK • Ok ®Oko A^ Oc^) = {t^k ®l ~l® [t^k])- Moreover, we can check it after taking 
mod(7rif g) 1) of both sides since Ok ®Oko A^ is [t^k ® l)-adically Hausdorff complete. Then the assertion 
is immediate. For the latter assertion, obviously {1 g) ui, . . . , 1 g) u^} is a regular sequence. Since Ok — 
Oko[X]/Q{X) with an Eisenstein polynomial Q{X) G ©/^^[X] and Q{X) G A+[X] is also an Eisenstein 
polynomial for the prime ideal (p). Ok ®Oko A'^ is an integral domain. Therefore ttk (81 1 — 1 ® [tt^] 7^ is 
a regular element of Ok 'S'Ko A"*". 

(ii) Note that Ok '^Okq A"*"!"!, . . . ,Ud] (resp. ^inf (Ocp/Cifo)) is ker^o^^-adic (resp. (ker 6')-adic) Haus- 
dorff complete. When K = Kq, we obtain the assertion by applying the inverse limit to the isomorphism of 
iri| Lemme 2.1.3]. For general K, it follows from the equalities 

ker (6*0^ : Ok ®Oko A+|ui, . . . , Wrf] ^ Ocp) (1 8) ker 6*, tt^ g) 1 - 1 g) [tF^]) 
ker {0o^ : Ok ^Ok^ Anf (Ccp/Oko) ^ Ocp) = (1 8) ker 6*, ttj^ 8) 1 - 1 8) [tF^]) 



and Lemma 1.1. □ 

To simplify the notation, put Ainf = ^inf (Ccp/Ci^)• 
Corollary 1.3. (i) There exists an isomorphism of graded Oc^- algebras 

(ii) /+ = {ttk - [T^],ti - [ti], ...,td- [td]) where ti,...,td a p-basis of K . 

Proof . We have only to prove (ii). Choose a p-basis t[, . . . ,t'^ of Kq such that t'j = tj mod niK- It is easy 
to see t'^ ~ [t'j] = tj - [tj] mod (ttk, [TT](])Ainf- We have 

tj - [t'j] - (tj - [tj]) el+n {ttk, [T^])Ain{ = /+ n {ttk - [t^], [T^])Ai^f 
= (tTA' - [7f}f])Anf + [t^]I+- 

Since this implies ttk — [t^], t'l ~[t[], . . . ,t'^ — [t'j\ generates /_|_/[7rft: ]/_|_, we obtain the assertion by Nakayama's 
lemma. □ 

The foUowings are immediate: 

Remark 1.4. (i) The canonical maps Aj. — > are injective and Ak[p^^] = B^. 

(ii) i?jpj and B^ have a canonical ii'-algebra structure and Bk is a p-adic Banach algebra with a unit 
disc Ak- 

(iii) 4 n J'^+i = n TT^Ainf = 7r^/++i for n, fc e N. 

(iv) There exist canonical isomorphisms 

Cp/Oc, ®Oe, (4/4+') = /V(/'+' + 4)- 

(v) There exist (non-canonical) ring isomorphisms 

-^dR, — 'C!p|Xo, . . . , Xdj 

Bk = Cpl^o, . . . , Xj/(Xo, . . . , Xdf+\ 

Since B'^j^ = limBfe, we call the inverse limit topology of the p-adic Banach topology of B^ the canonical 
topology of . In the following, we put B^ the p-adic Banach topology and B'^^ the canonical topology if 
particular mention is not stated. Note that we have a canonical isomorphism i?o — Cj, as topological rings 
and the induced topology on as a subspace of B^ coincides with the p-adic topology. 

We call V a i?fc-representation of Gl if F is a finitely generated Bfe-module with a continuous semilinear 
Gi-action and V a _Bjpj-representation if F is a i?fe-representation for some fc G N. Bfc-representation V is 
said to be i3fe-admissible if the canonical map 

Bk <E>„G, V^^ ^ V 

k 

is an isomorphism. 
Definition 1.5. For x G Bk, put Wk{x) — sup{m G Z | a; G ir'^Ak}. 
The following theorem will be used without citations. 



Theorem 1.6 ([Ax], |Scnl |, | Tate | ) . For all algebraic extensions L/K, 



Gl 



L 



Remark 1.7. Since a p-adic Banach space has an orthonormal basis (|Ser2, Lemma 1]), a surjection of 
p-adic Banach spaces has continuous section. In particular, we can consider the usual continuous Galois 
cohomology theory for S^p-representations. 



2. Higher Kahler differentials 
In this section, we will study Colmez's higher Kahler differentials ^qI^/q^^ of an algebraic extension L/K. 



We generalize the results of ]Co| l to the imperfect residue field case: §2.1 corresponds to §A1, §2.2, §2.3 
corresponds to §A2 in |Co| . 

2.1. Definitions and basic facts. 

Definition 2.1. Define a family of OK-algebras {0^^}keN md -modules {^^Qi_yQ^}fceN>o as follows: 
Let ~ Oj^. For k > I, set inductively ^^q^^q^ — Oj^(E)^(k-i) ^^{k-i)^^ o'^^ ^^-^^ — kerd^'^^ where 
dS'^^ is the canonical derivation d^^^ : — > fil^^' . 

(k) (k) (k) 

Similarly, for an algebraic extension L/K, put — H and fi^^y^^ the OL-submodule of 

^ol^fQj^ generated by d^'^^o'"^^^''). We put d^'^^ — d^'^^l^(fc-i) by abuse of notation. 

lemark 2.2. For an algebraic ex' 
follows from the following lemma: 



Remark 2.2. For an algebraic extension L/K, we have a canonical isomorphism fi^^^^^ = fl^^^^^. This 



Lemma 2.3 ([3ch, The footnote of p. 420]). For algebraic extensions L' /L/K, 



is exact. 

Theorem 2.4 (cf. (Co], Theoreme 1]). (i) For k e N, we have O^^ = K n (Ai„f + and the 

canonical isomorphisms /p^o'^ = Ak/p'^Ak for n e N. 
(ii) Let 9^=) : O^^"^^ + /^) be a {well-defined) derivation sending x £ ol^~^^ to X — X with 

x G Ainf such that x ^ x E L'' . Then we have a commutative diagram: 

— I I- 

Jk/^k+l^jk^ 

where i is the Oj^-module isomorphism induced by the universality of Kahler differentials. 

(iii) d^'^-' is surjective. 

(iv) K is dense in {resp. Bk) and B'^^ {resp. Bk) is the Hausdorff completion of K for the topology 
whose fundamental neighborhood at is {p"'0'^}n,keN {resp. {p"0^}neK)- 



In the rest of this subsection, we give the proof of Theorem |2.4 The proof is identical to that of |Coj], 
but we reproduce the proof for the convenience of the readers. 

For X e O-j^, let P{X) e [X] be the minimal polynomial of x over K and let r e N be a natural 
number such that r > Vp{P' {X)). Define e N inductively by rp — 0, rfc — Sr^ + r, i.e., = (3''' — 1)^/2. 
For a, A: e N, put rk{a) — \ai {rk,Vp{a)) and Zk,a — p^''-'^''(a)j,a_ 

(k) 

Lemma 2.5. For a, fc e N, we have z^.a G ^-j^ ■ 

Proof . We will prove the assertion by induction on k. The case fc = is trivial. Suppose the assertion is 
true for k. Using the relation p^''^'^'''^"'^ Zk,a = Zk,i{p^''^°''' Zk^a-i), we have the following relation by induction 
on a: 

For a polynomial A{X) e Ok[X], we have p''>'d^''+^\p'''' A{x)) = p'^''" A' {x)d'-''+^\zkA)- In particular, by 
putting A{X) = P{X), we obtain p''" P' {x)d^''+^'^ {zk,i) = and hence we have p''>'+''d^''+^\zkA) = 0. Since 
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rk{o,) < ^fc, we have 

(2) p2r,+r^(fe+l) J ^ Q fQj. all a e N 

by (|l|). Now we prove the assertion for Zfe+i,a, that is, d^''^^^ {zk+i,a) — 0. There are two cases: If Xp{a) < rk, 
then we have Zk+i,a = P^'^''^^ z^^a, so we have (zfc+i,a) = by (^). If Vp{a) > r^, write a = p'^^'h. Then 

we have 

d^''+^Kzk,a)=p'''+'-''''^''-''^d^''+^\{zk,pr,)^)^p^'+''^^^^ = 

since we have Vp(h) + r^+i — rfe+i(a) < 2rfe + r. □ 

Put O'^'"'^ = X n (^inf + Z'^^^). We wiU prove the assertion (i) by induction on fc : If fc = 0, there is 
nothing to prove. Assume O^"^^ = cX^-i) = (Ainf + 1^) and Ak-i/p'^Ak-i ~ O^'^Vp^C)^"^^ • 

Lemma 2.6. W^e /laue oi^^ C ©(''^ 

Proo/. By Remark Qiii), it is easy to see that a^^) : o't^^^ + /*:) is a well-defined Ok- 

derivation. Then we have the C';^linear map i : — > Z*^/ {I^^^ +1+) induced by the universal property 

of Kahler differentials which makes the diagram in Theorem ^^(ii) commutative. Since kerc)''^' — C'-'^-', we 
have the conclusion. □ 

Since the canonical map O^'^^ — * is injective by Remark [l.4K iii), we regard and O^'''^ as subrings 
of Ak. 

Lemma 2.7. For all fc G N, o!^\ hence 0^''\ is dense in A^ endowed with the p-adic topology. 

Proof . By Proposition |1.2| (ii) , we have only to prove that the topological closure of O.^' in A^ contains 

the set {[x]\x £ E+}. Write x = (a;^")) S E+ and let P{X) G Ok[X] be the minimal polynomial of 
2;(o) Qver K. For m G N>o, let = Xp"" + ttkX and let Xn,m G O-j^ be an element satisfying 

Sm{xn,m) — x^^\ The minimal polynomial of Xn^m over K divides Pn,miX) = P(S'„i(X)''"). We have 
= P"S'„,SP;;~^P'{{Srnr'^) and so i^p(P,;,„,(a;„,™)) = n+ l/e^ + (1 - l/p")i;p(x(")) +«p(P'(a;(o))) which 
is independent of m: We put this u„. By Lemma [2751 , yn.m — (a^n,™)^ G C-^' for m > (S'^ — l)(u„ + l)/2. 
Since 6'(y„^„j - [x'p "]) = -Tr^Xn^m, we have 

y„,™ = [a;P""] mod nKAinf + 1+ + l''^^ ■ 

Note that for a commutative ring A and an ideal a, if a, l3 G A with a = [3 mod a, then we have a^" = P^" 
mod a(p, a)". Hence we have {y.n.mY'' = (a^n,™)^"^"* = [x] mod 7r^^''^^^^y4inf-|-/'^+^. Hence we can conclude 



that [a;] is in the closure of . □ 



OkIp^Ok of order fc. 



Lemma 2.8. For n G N, oi^'/p"Ci^-' and OC^)/^"^^^) are infinitesimal thickenings of Ocp/p"Ocp over 



Proof. First, consider /p"'0^'' . By Lemma the canonical map /p"'0!^ Ak/p"Ak is surjec- 
tive, so the composition map : /p^o'^ Ak/p"Ak Ocp/p^Oc^ is surjective. We have only to 
prove (ker6i)'=+i = 0. Let Oi : O^^ /p'^O^^ O^^^Vp"^^"^^ - Ak-i/p'^Ak-i be the canonical projection 
and let 6*2 : Ak^i/p^Ak-i Ocp/p^Ocp be the map induced by 9 : Ak-i ~^ OCp, we have 6 = 62 o 9i. 
Since Ak-i/p'^Ak-i is an infinitesimal thickening of C'Cp/p"CCp over Ok/p"'Ok of order (fc — 1), we have 
(ker6')'^ C kcr6'i. Thus, we have only to prove that if x G ker0, y G ker^i, then xy = 0. By definition, we 
have X G O^-^ n ^"0-^ and y G np"Oi^"^\ Since we have p'^d^''\p-"y) and a; G p'^O^^, we have 
d^''\xp~'^y) — xd'^''^ {p^"-y) = 0, which implies xy G p^'O^ , i.e., xy — 0. 

For 0('=)/]5"C'('=), the same proof as above works if we re place by a^*^). □ 



By the universality of infinitesimal thickening ([Fon, §1.1]), we have 
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Corollary 2.9. Ak/p^'Ak, O^^ /p"0^\ C'(fe)/p"0(fc) are isomorphic to each other. 

Proof. First, we prove the canonical map C'(''')/p"C'('^) A^/p^Ak is an isomorphism. The surjectivity 
follows by Lemma 2.7 and the injectivity is from 

Let Pn ■■ O^^ Ip'^O^^ -> Ak/p'^Ak be the canonical map. By Lemma |2.8| and the universality of infinitesimal 
thickenings, we have a canonical O/f /p^Oi^-homomorphism a„ : Ak/p^Ak /p^o'^ with [3n°oin — id. 

Let — lim j-p^Q^ . Since a„, /?„ are compatible with the inverse systems, there exists i^-algebra 

homomorphisms a : Ai\p^^\ 0^^\p-\ /3 : 0^^\p-^\ Au\p^^\ with /3 o a = id. To prove that q;„, 
/3„ are inverse to each other, we have only to prove a, /3 are inverse to each other. Since the kernel of 
the canonical projections d : Ak/p'^Ak Ccp/p"CCp, Q ■ O^^^ /p'^O^ OCp/p^OCp are nilpotent of 
exponent fc + 1, 74fc[p^^] and ©^■'[p""'^] are local rings with the same residue field Cp, whose maximal ideals 
are nilpotent of exponent fc + 1. By the ind-etaleness of K/K, the if- algebra structure of Cp uniquely lifts to 

if-algebra structures of 0l^''[p^^] and and a|-j^, are inverse to each other. On the other hand, 

K — o!^[p^^] is a dense subring of ol^''[p^i] and K is also dense in by the surjectivity of (3. This 

denseness of K implies that a, (3 are inverse to each other. □ 

Corollary 2.10. O^^ = 0^^\ 

Proof. We have O^^^ C Oe^) and o'^^ /pO^-^ ^ O^'''^ /pO'-'^l This imphes that multiphcation by p on 
Qik) jo'^ , whose elements are killed by some powers of p, is an isomorphism. So we have the conclusion. □ 

By the above corollaries, we obtain (i). 



Next, let us prove (ii). Well-definedness of d^''^ is proved in the proof of Lemma 2.6. Since we have 
Corollary 2.10, we have only to prove 

Liemma 2.11. are surjective. 

Proof . First, we prove that 9*^'^^ is surjective. By an exact sequence 

Jk-i) 



— ^ — ^ — ^ imd^k) — ^ 0, 

we can deduce an exact sequence 

^ (ImSe^))^"] ^ Ak/p'^Ak ^ Ak-i/p"Ak-i ^ 0. 

By the properties of Ai^f, we have 

= keT{Ak/p"Ak ^ Ak-i/p^Ak-i) - (Ini9('=))[p"] 

where the composition of these maps is identity. Hence we have (Im9*^'^^)[p"] = /'''/ (/_^ + and this 
implies the conclusion since l'^ /{I^ + I^^^) is p-torsion. 

Since Imd^") = Ivtvd^^'' = + 1^+^) is an O-^module and generates fi^i./^^ over O-^, is also 

surjective. □ 

(iii) is already proved, (iv) is a direct consequence of (i). 

Remark 2.12. In the following, we canonically identify ^^l^/Oi, = / {I^"^^ + iX) = Cp/Ocp ® {iX/lX"^), 
14)(^o4/Ok) ■^'^ Remark |lj and Theorem IJ. Note that V'plf^o^^/o^) C jf^. 
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2.2. Expansion in a power series ring. Let K be a field of characteristic 0, d E N and let m C 
K[Xo, . . . , Xd] be a maximal ideal. Put = l™^gj^ K[Xo, . . . , Xd]/m*^+^, which is a ((i+l)-dimensional 
complete regular local ring, and let we put L = K[Xq, . . . ,Xci]/m, Hi = pr(Xj) G L. 

Choose a regular parameter Po,...,Pii e mif[X]m and a subset S C N'^+^ such that £ S and L = 

©„esii'7r" and put As = (BnesKX" C K[Xo, . . .,Xd]. 

Definition 2.13. Regard L as a sub-K -algebra of K[X]m by the canonical K -embedding L For 
X £ L, we define Xn,x,p{^) G A5 (n e N'^+^) by the expansion x = XlneN''+i ^n,x,p{X)P"{X) in K[X]m. 

2.3. The fundamental properties of higher Kahler differentials. In this subsection, we will prove the 
following theorem: 

Theorem 2.14. Let k € N>o. 

(i) Let L/K be a finite extension of local fields. Then ^{fl^^"'^^^^) < {'^'l'^)- 

(ii) For finite extensions L2/L1/K, the canonical morphism Ol^ ® /o^^ ~* injective. 
For a while, we assume that a finite extension L/K satisfies the following hypothesis: 

Hypothesis 2.15. L/K has no unramified subextensions over K. 

Note that this hypothesis is equivalent to the condition that is separably closed in fci,. 

Lemma 2.16. Let Is. be a field of characteristic p and let 1/k be a finite purely inseparable extension. Assume 
1 C . Then the first fundamental sequence 

— - k^--^ ® 0,% — - nl-.^^ ^l-.^, > 

is exact. 

Proof. We have only to prove the injectivity. Choose ap-basis {xaIagA of 1/k andp-basis {i/^j-ygr of k^' ^/l. 
Then, we have 

1 = ®neN®A,0<nj><pl^^") = ®meN®r',o<m-,<ply"*- 

So we have k^' = ®nen®^,mef^'^^,o<nx,m.-y<p^^""y"^- This implies that {a;A}U{y-y} forms a p-basis of k^' ^/k. 
In particular, {^a} is p-independent in k^ ^/k. □ 

Corollary 2.17. //dim/;^ fl^^^i^^ = d, then k^ C fci,. 
Proof . Since, by the lemma, 

^ (81 ^fe^fep/fep ^ ^fci/fci ^ ^L/fcKfcJ ^ 

is exact and Q^^^^^ = ^^^.^/^.^fep , we have 5^^^;,?/^,? = 0. Hence we have k^k'!^ = k'^, i.e., kx C fc^. □ 

Put d' = dim/,,, ,, 
d: In fact, by the lemma, 



Put d' = dim/j, ilj, ,, . Then we can choose td'+i, . ■ . ,tci £ kx such that dimt, fl^ _i _i 



is exact and fi?. n. = fiJ. lu up - Since the canonical map A;?, kh®^^ -1 ^ il^ _i is suriective, we 

kL/kK kL/kKkl ^ K feP^ ^/fe^ feP^ fet/fci ' 

can choose td'+i, ■ ■ ■ ,tci e kx such that djtdi+i' , did" forms a basis of fi^ _i and these elements 

fe^ kL/kL 

satisfy the required property. 

Since td'+i, ■ ■ ■ ,td is p-independent over kx by the above argument, choose ti, . . . ,td G k^ such that 
ti, . . . , td' , td'+i, ■ ■ ■ jtd forms a p-basis of fcx- If we take a p-basis Tfj", . . . , TTd' of k^/kK, then by the corollary, 

kx C {kL{td'+i'_ ,---,td' )Y ^ fc^(td'+i, ■ • . ,td)(7iT^, • • • , tF^^) since kL = kxjM, ■ ■ ■ In particular, 

we can choose fj G fc^[Xf , . . . , Xf,, Td'+i, . . . , T^] for 1 < j < d' with = /j(7iT, • • • ,7f^, id'+i, • • • ,td)- 
Choose n,. . . ,rd' G N such that fci, = ®Q<nj <p^j kxW^^ ■ ■ • • 




Let tj € Ok for < j < d be a lift of tj £ kK, which forms ap-basis oi K. Let fj G Ox[Xf , . . . , X^,, Td'+i, 
■ ■■,Td] for 1 < j < d' be a lift of G fc^I^i . ■ • ■ - Xl,,Td'+i, . . . , T^]. Let tt^ G Ol and e, G N for < j < d 
as 

'ttl j = and e^jK > 1 

TTK j = and e^/if = 1 

a lift of 7f- 1 < j < d' ' ' 

tj j>d' 

and put A = ©o<n,<e,OA-^o"" • • ■ K"' ^ Ok[Xo, . . . , Xa^]. 
We use the following lemma in the construction below: 

Lemma 2.18. L = K{TTn,ni, ...,TTd') andOL = ®o<n,<ejOKT^o° ' ' ' ^d'"' ■ ^"'^^ = Y.Q<n,<e, Ori^o" • '''^d''' ^ 
Ol with a„ G Ok, 

vk{x) ^ inf VKianTTo"). 

0<nj <ej 

Proof. The first part is IL Proposition 2.4]. The latter part follows from 

'^L I X! a„o„j...„^,7r"' • • • TT^f tta' I a„o„j...„^, for aU ni, . . . , n^/ 

0<nj <ej 

and WK(7ro") = ^o/eo G {0, 1/eo, . . . , eo - 1/eo}. □ 
Finally, put Pj G Ok[Xo, . . . , X,/] for < j < d as follows: 

• j = 0: There exists a unique g o G A such that tTq" = go{Tr). Put Po = Xq° - go. Note that Pq = X^" 



mod TT/f Ok [Xq, . . . , ATd] by Lemma |2.1g . 

• 1 < J < d': There exists a unique gj G A such that /j(7ri, . . . , tt^', id'+i, ■ • ■ , id) — i j = 9ji'^)- Put 
= ■ . . . . . - g7(^0: ■ ■ ■,Xd') - t^. Note that Xol gj(X) mod ttx [Xq, . . . , XJ, 



again by Lemma 2.18 



• j > d': Put Pj = Xj - tj. 

Let be an element of Ainf such that 0{J\q) — ttq with Ho G A+[7rx] if e^/^ > 1, Hq = [tt^] if e^/^ — 1, 
6'(nj) = TTj for 1 < j < d' (for example, lij — [tTj]) and Llj = [tj] for j > d' . Note that if kK is perfect, the 
condition about Hq is not necessary since Ai^i — A'^Ittk]- 

Proposition 2.19. Po(n), . . . , Pd(n) is a generator of I+. 

Proof . Obviously Pq (H) , . . . , P^ (H) G /+ , so we have only to prove that Po (H) , . . . , P^ (H) generates /+/(/+, Tr^f ) /+ 
by Nakayama's lemma. We identify /+ / (/+, ttk)I+ with (J+ + TTKA-mi) / + tt/c Ai„f ) which is a finite free 
CCp CCp -module with a basis {[7ri^],ti — [ii], . . . ,td ~ [td]}- We will prove the assertion by calculating 
the coefficient matrix C of {Po(n), . . . , Pd(n)} with respect to this basis. 

Write Ufj = [ttl] + Eq, Eq G /+. Since ve{ttl'^°) — v^iTTK), we can write ttl'^" = ttku for some u G O^^. If 
^L/K > 1) we have 

Po(n) = n;5» mod^^Anf 

= [ttI] + eo[TTlY°~^eo mod /+ + Tr^Ainf 

If e^/K = 1, Po(n) = [7f}^]. 

We use the following sublemma for the calculation of P, (n) for 1 < j < d'. 



Sublemma. Let f{Xi, . . . , Xn) G 0-i^[Xi, . . . , Ar„] and xi, . . . , a;„ G Oj^. Then 

dl 
dX 



/(xi, . . . ,a;„) EE /([xi], . . . , [x„]) + ^ -— (xi, . . . ,a;„)(a;j - [xj]) mod /+. 
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Moreover, suppose we are given tt G with < Wp(7r) < 1 and bm G O-j^ (m G N) of which all but finitely 
many is zero, such that f = J2m ^^"^ mod TrOj^[Xi, . . . , X„] and put f = [^m]^^^- Then we have 

f{xi,...,Xn) = f{[x{],...,[x^])+ X] -gi^(^i'---'^''i){Xj -[Xj]) mod 7^ + TT^nf • 

l<j<n ^ 

Let lis prove the sublemma. Since x— [x] G /+ for x G O-j^, the first assertion is just Taylor expansion. Since 

xP = [x\P+pxP~^{x—[x\) mod for x G O-j^, we have /([a?I], • • • , [x^]) = /([a?i], • • • , [xn]) mod I^+nAinf, 
which proves the latter assertion. 

Since 11^ = [ttj]^ mod +pAi„f, we have for 1 < j < d', 

fjiUi, . . .,'n.d>,td'+l, ...,td) = fj{^, [7rd'],td'+l, .■.,td) mod /+ + TTK^inf • 

Applying the sublemma to fj [Xi , . . . , Xd' ,td'+i, ■ ■ ■ ,td) G Oj^[Xi , . . . , Xd'], we see that the RHS is equivalent 

to /j (tti , . . . , TTd' , id'+i , • • • , td) modulo J^+TTK^inf • Again, applying the sublemma to fj (Xi , . . . , X^/ , Td'+i , . . . , T^) G 

Cyj^[Xi, . . . , Xd',Td'+i, . . . ,Td] with TT = ttk, we see that it is equivalent to 

fjii^], [^'], [t^i], [id]) + Yl ^(N' • • • ' i^']' • • • ' fd]){tk - [ik]) 

d' + l<k<d ^ 

modulo I\ + TTifAinf . Hence we have 

^i(n) = /i([7rr], ■ • ■ , [ttI'], [td'+i], [td])-,9,(no, • • .,^d')-"tj mod l1+{'KK,td'+i-[td'+i], ■ ■ • , id-[id])Anf • 

By the definition of fj, we have f]{^], ■ ■ ■ , [TTd'], [td'+i], ■ ■ ■ , [td]) — [tj] G {p, [7r])A+ for some tt G mCp. Let j 
be the ideal of ^inf generated by {[x\\x G mCp}, then 

Pj(n) = - tj ~ 5j(n) mod 4 + (tta:, td'+i - [tdM^], • ■■,td- M)^i„f + j- 

Note that we have A+[7rK]n/+ = (p— [p],7r/f — [7Ffc])A+[7rK] C TTif^inf+j: Indeed, when a; = f{T^K) G 1+ with 
f GA+[X],x = f{nK)-f{[T^])+f{[TU<]) e (7rif-[7F}^])A+[7rif]+A+n/+^ (7rif-[7?^],p-[p])A+[7rif]. By the 
definition of fifj, gj{Uo, . .^^d') e (tt^, no)Anf C tt^ Anf+j since no-[7ri;] ^£0^6 A+[7rA:]n7+ C tt^ Anf+j- 
We have {TrK,td'+i - [td'+i], ■ . ■ ,td - [td])Anf +J_3 (T^if - [TT^K^d'+i - [td'+i], . . . ,td - [td])Ani + ] and 
Pj(n) = [tj] - tj mod + (TT^i- - [KK],td'+i - [td'+i\, ■■■,td - [td])Ain{ + j- Heuce we can conclude 

P,-(n) - {[tj] - tj) Gl+n + (tt^ _ [^],td'^i - [t^i], ...,td- [td])Ain{ + j) 
= I+ + {t^k - [tt^], id'+i - [td'+i], ■■■,td- [id])Anf + j7+, 
since j n 7+ = (U.^^,^ [^A^i) n 7+ = {j^^^^ [5]7+ = j7+. 

For j > rf', we have Pj(n) = [tj] - tj. 

Therefore, the coefhcient matrix C G ^d+i{'^Cp / kOc^) of {Po(n), . . . , Pd(n)} for a basis {[7r^],ti — 
[ti], ...,td- [td]} satisfies 

(unit * \ 

-Ed',d' mod mc,Md+i(Ocp/7r^C>cJ. 

* -Ed-d',d-d' J 

In particular, C is invertible, hence Po(n), . . . , Pd{^) generates (7+ + ttk Ainf)/(7^ + ttk Ainf). □ 

Let tn be the kernel of a surjection of TT-algebras K[Xq, . . . ,Xd] — > L; Xj 1— > TTj. Use the notation of 
the previous subsection by identifying L with if[X]/m. Let / be the TT-algebra homomorphism of equi- 
dimensional regular local rings 

f:K[X]^^B+^; Xj^ILj. 

Since Cpi8)gr^/ : Cp(S^gY^ K[X]m gr^S^j^ is surjective, Po{X), . . . , Pd{X) is a regular parameter of 7r[X]ni. 
So, we use the notation of the previous subsection with A5 = A. 
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Definition 2.20. For x e B^^, put Sk{x) = sup{to G Z | a; e Tr^Anf + 1^+^] = Wk{x) G Z U {00} . 
Let Qo, . . . , Qd be a generator of I+. A minimal expansion {ecriture minimale in |Co]]) of x in B^^i ^•s 
expansion x — X^neN^^+i ^nQ" with A„Q" G tt^"'^'^^/',"' . 

Note that 50(2;) > si(a;) > • • • > SA;(a;) > • • • for x G B^^ and so{x) = [vk{x)] for a; G if. 
Proposition 2.21. For x ^ L, x = X^nsN'^+i '^n.x.p(n)P"(n) is a minimal expansion of x in B^^. 

Proof. For a polynomial X{X) = ^ a„X" G K[Xo, . . . , Xd], put v'^{X{X)) = inft;if(a„). Note that, for 
X{X) G A, we have v^{X{X)) = [w;i-(A(7r))] by Lemma \i lS\ where [*] denotes the integer part of *. We 
claim that v^{Xn,x,p{X j) > Sj„|(a;) for all n. By the definition of v^, this claim proves the assertion. Let 
us prove this claim by induction on k =\n\: When fc = 0, Xo{X) G A satisfies x = Ao.2;.p(7r). Hence we 
have so{x) = [wif(a;)] — v^{Xo^x,p{X)). For A; > 0, by multiplying a power of ttk, we can assume Sk{x) — 0. 
Since so{x) > si{x) > ■ ■ ■ > Sk{x) > and induction hypothesis, we have Xn,x,p{^) € ^inf for |n|< fc and 
X G O^'' =Kn (Aini + 1''+^). Hence we have 

^ A„.,.p(H)P"(n) = x-J2 A„,.,p(H)P"(n) - ^ A„,,,p(H)P"(n) G /'^ n {Ani + = il+ 

|n|=fc |n|</i.' |n|>/c 

where the last equality is from §1.2. Once we identify l'^/ as a free Ocp-urodulc with a basis {P"(H)}|„|^fc, 
we have /V(4 + /^+') - C^/Oc, ®o,c, 4//++' - ®|„|=fe(Cp/OcJ^"(n) by Remark 0(iv). Thus we 
have A„,:r,p(7r) G Ocp for = fc and w^('^n,x,p(-'^)) = [vK{Xn,x,p{T^))] > = S|„|(a;). □ 

Corollary 2.22. Under the canonical identification ^o-/Ok = K^X + ^'''^^) = ^p/Ocp ® (/+//++^), /or 
X G C}^ , tiie /laue 

dW(a;)= ^ A„,,,p(7r)®P"(H). 

|n|— /c 

Proof. As we see in the above proof, for a; G C'^'^^^\ i.e., Sfc_i(x) > 0, we have x = X]|„|<fc-i •^n,2:,p(n)P" (H) G 
Ainf . Hence we have 

(iC^) (x) = a^*^') {x)=x-x mod + 4 

= A„,,,p(H)P"(n) = A„,.,pW0P"(H). 

|n| — |n|— A; 

□ 



Proof of Theorem \2.1jf{ . Since we have = and a canonical isomorphism fl^^^Q^ = f^^-^/Oj^/ 

for an unramified finite extension K'/K, we can assume that L/K satisfies Hypothesis 2.15 by replacing 
K by its maximal unramified extension in L. So, we use the notation as above. First prove (ii). To 

(k) (k) 

prove this, we have only to prove that the canonical map Oj^ (g) O^^y^^^ — > ^q_^q^ is injcctive. We 
identify 11/11+^ as a free Ccj^-module with a basis {P"(H)}|„|=fe, then we have ^oI/Ok ^ (L/Ol)®^"^^"^ C 
(Cp/Ocp)^ ' = ^Q_/Q^ by the above corollary and the fact A„^2,^p(7r) G L. This implies the injectivity 
of the above morphism. Let us prove (i). Since 17^^^^^ is finitely generated over Ol, we have fZ^^y^^ C 
[p"] for some n. By the structure theorem of finitely generated modules over discrete valuation 
rings, we obtain K^^ol/o^) ^ Kp-'^OL/OLf^'t") = (d+^y □ 

3. Good modules 

Throughout this section, let L/K be an algebraic extension of local fields. In this section, we will 
investigate modules of special form over Ol, called "good modules" which play a crucial role in this paper. 

Definition 3.1. An OL-module M is good if there exists a direct system {Lx}\eA consisting of finite subex- 
tensions of L/K and a direct system {M\\\(zf^ consisting of OL^-submodules of M satisfying the following 
conditions: 
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(i) Transitive maps are inclusions, i.e., we have L\ C Ly and M\ C M\i for A < A' and L = '0L\, M = 
UM^A. Moreover, for A < A', the canonical morphism Ol^, 8) M\ My is injective. 

(ii) M\ is an OL^-module of finite length for A G A and sup_>^ fj,{M\) < oo. 

We call {MaIaga a direct system of M . For a direct system {AI\}xeA of M , put n{M) — swp^ 1^{M\) and 

l<i<n(J\/) t y>0 



define {e^)i<i<n(M) G Q>(f^'' in order that they satisfy 



n<i< 



e^> e^> ■■■> e^ 



where p'^^ denotes any element in Olx with its p-adic valuation ef . Then let us define r{M) by r{M) 
#{« I sup;, e^ = 00} . 



Example 3.2. 



(i) (L/Ol)®" is a good OL-module with r{M) = n{M) 



(ii) For k e N>o, M = ^oI/Ok ^ ^'^^'^ ©L-niodule with r(M) < n{M) < by Theorem |A4. 

(iii) If cl/k — 00, then L/mL is not a good module. In fact, if it were a good module, we would have 
L/mL — L/Ol by Theorem 3.8 below. However, the annihilator by itil of both sides are Ci/m-L 
and 0, respectively. 

Remark 3.3. (i) Goodness is stable under sub, base change and direct sum: For a good C^-module M, 
sub Oi-modules of M are good. For an algebraic extension L'/L, Ol' ®Ol M is & good Oi'-module. 
The direct sum of two good Oi-modules is also good, 
(ii) n{M) and r{M) are invariants of M, i.e., independent of the choice of direct systems. They are also 
compatible wit h b ase change. Indeed, it is easy in the case of n{M). In the case of r(M), it follows 
from Theorem 3.8 below. 



Lemma 3.4. Let n,r e N and (f) : {O l / p" O l)®"" - 
phism. Then there exists ijj £ Anio ^{Ol/p'^^^Ol) 



{O L / P^'^^ O l)®^ be an injective OL-module homomor- 
making the following diagram commutative: 



{Ol/p'^Ol)®' 



[OlIp^^^Ol)®-' 



[OlIp'^^^Ol)®" 
where p is the OL-module homomorphism characterized by 

p(0,...,i,...,0) = (0,...,:^,...,0) , l<i<r. 
Proof . We can assume L/K is finite. By the injectivity of </>, we have a commutative diagram 

(Ol/p'^Ol)®^^ - - ^ {pOl/p^+'Ol)®"- 




{Ol/p'^+^Ol)®\ 

where the dotted arrow is an isomorphism. Let A e Mr(C'i) be a lift of (j). Then, by the above diagram, 
we have A = pB for some B G GLr{OL). Taking ■(/' as the induced homomorphism by B"^, we obtain the 
conclusion. □ 

Corollary 3.5. Let {A/„}„gN be a direct system of Ol -modules such that there exists r £ N with Mn = 
{Ol/p^Ol)®^ for all n and that the transitive maps {0„ : Af„ — > M„_(_i}„gN «re o,ll injective. Then 



limM„ = (L/Ol)®''. 
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Proof . Choose an Oi-isomorphism tpi : Mi (Ol/pOl)®^ and define inductively Ci-isoniorphisms ipn 
Mn {Ol/p^Ol)®^ , which make the following diagram commutative: 



Mr. 



0„ 



M„+i 



Then 



limV'n : limM„ ^ \M l I p"" O l)®'' = [L/OlY 



□ 



Lemma 3.6. Let A be a discrete valuation ring with uniformizer tt, let Mi C M2 be A-modules of finite 
length and let ej , 1 < i < be non-negative integers satisfying 

Mj = ©i<i<„A/7r*=- A, > > • • • > e^. 

Then e\ < ef for 1 < i < n. 

Proof . We have a commutative diagram 



0- 



0- 



■ Afi[7r"-i] 



Ml 



A/i[7r™]/Mi[^'^ 



M2[7r™]/M2K 







with exact rows. Since Mi[7r™ ] = Mi[7r™] n Af2[7r™ ], the right vertical map is also injective. Combining 



this with the equality dim^ A/j[7r'"]/Afj[7r™ ^] = ^{i \ e^ > m}, we obtain the assertion. 



□ 



Corollary 3.7. Let M he a good Oh-Tnodule with a direct system {A/a}- Then we have < for A < A', 

1 < i < 7l(A/). 

Theorem 3.8 (Structure theorem of good modules). Let M be a good OL-module. 

(i) For sufficiently large to e N, Afdiv = p"'M = and if r(M) = n{M), then we can take 
m — 0. 

(ii) M ^ (L/Ol)®'' for some r e N r{M) = n{M). 
Corollary 3.9. Under the same hypothesis as above, we have 

TpM ^ C'2®''(*^\ VpM ^ L®'^(*^\ dim£ VpM = r{M). 

Proof of Theorem 4 We have only to prove (i). First, let us show p™Af = (L/Ol)®''^*^) for some m e N. 
For TO G N, p'^M is good and r{M) = r{p"^M). Moreover, by taking m sufficiently large (for example, 
sup^(jv/)<i supa < m), we have r{p"^M) = n{p™M). So it is enough to prove M = [L/Ol)®^' under the 
condition r — r{M) — n{M). 



Choose {AAfjArgN C A such that Aq < Ai < • • • and e^" > N (Use Corollary ^/7|). For iV e N, put 



Kn — {\ & K \ e^ > N , A>AAr}, then A^r is cofinal with A by Corollary |3.7| . Since we have a canonical 
isomorphism Olx ®Ol {-^''^>^n[p^]) — M\[p^] for A G An, there are canonical isomorphisms 



M[p 



lim M\[p 

AeAiv 



Since M is p-torsion, we have 



M = lim MIp'"] =\\mOL® {Mx^W"]) = {LIOl)®\ 



where the last isomorphism follows from Corollary 



3_5. 
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□ 



In the rest of this section, we prove the exactness of the functor Vp under certain assumption of goodness. 
Recall ([3ch, p. 413]) that, for a short exact sequence of abelian groups 



0- 



Mo 



■0 , 



we have a long exact sequence 



0' 



Mi[p"] 



Mi/p"Mi 



■ Ah/p^Ms 



■0 



which constitutes an inverse system. If {Afi[p"]}nGN satisfies the Mittag-Leffler condition (ML) for i = 1, 2, 3, 
then we have an exact sequence 



0- 



■ TpAh 



0, 



^ Ml ^ A I2 ^ M3 - 

where ^ denotes the p-adic Hausdorff completion. For an abelian group AI, ML is satisfied for {M[p"]}„gN 
if p^M = for some m £ N or AI is p-divisible. Therefore, if M is a good OL-module, {Af [p"]}„gN also 
satisfies ML. 



Lemma 3.10. Let 



0- 



All 



■Ah 



Ah 



he an exact sequence of OL-modules with Ah good. Then 



0' 



VpAdi 



V„Ah 



VpA43 



is exact. 



Proof . Since Vp is left exact by the definition, we have only to prove the surjectivity. Since Vp{p'^M) = VpA/I 
for an abelian group A'h we can assume M2 is p-divisible by replacing A'h by Ah np"Af2, M2 and M3 by 
p"M2, p"Ah for sufficiently large n. Since M3 is p-divisible and Mi, M2 are good, we have an exact sequence 



0- 



■ TpAh 



■ T^Ah 



■ nAh 



Ah- 



Since we have AIi = AIi/p"Ah for sufficiently large n, we obtain the conclusion by tensoring the above 
sequence with Qp. □ 

Corollary 3.11. Let 







Ml 



M2- 



M. 



Mi 



■0 



be an exact sequence of OL-niodules. If M2 is good and p"^Mi = for some m £ N, then 

^ VpMi ^ VpAh ^ VpMs ^ 

is exact. 

4. Main theorem 

Definition 4.1. For fc £ N, put Ak — lim '^^ /p"0^\ i.e., the topological closure of in Bk and 



let dC^) -.Ak^n 



{k) 



K 



(k-l) 



(k) 



K 

^k ^^o—/Ok canonical extension of d^^^ : — s- ^q^^Qj^ by continuity. 

We call a sequence {x„} C Bk is i?fc-Cauchy if this sequence is a Cauchy sequence in Bk. 

Lemma 4.2. Let fc £ N. 

(i) Jk C Ak. 

(ii) There exists a commutative diagram: 

IL^jk/(^jk+i^jk^ ^0 



0' 



jk/jk+i^ 



Jk 



0- 



■Ak 



^'■0^1 Ok 



with exact rows, (t is the isomorphism in Theorem |g.^ ii).) 
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Proof, (i) Let x € Jk- Then, by Theorem ^.4| (iv), there exists a Sfc-Cauchy sequence C K which 

converges to x. Then, this sequence converges to zero when viewed as a sequence in Bk-i- Hence, by 
Theorem 2.4(iv), x„ is contained in for sufficiently large n. Hence x = lima;„ is contained Ak- 

(ii) The exactness of the upper horizontal arrow is obvious. The lower horizontal arrow is obtained by 
taking the inverse limit of the exact sequence 

^ /p^O^^ ^ Og"') ^ ^ ^oI/Ok ^ 

hence it is also exact. The commutativity of the left square is obvious and it suffices to prove the com- 
mutativity of the right square. For x e Jk, write x = limx„ with x„ G 0^~^^ — K D {Ainf + l'^)- Write 
Xn = yn + Zn, Un & ^inf , Zn & l'' , then wc havc L o d'-'^^ {x) — z„ mod 7*''+^ + I'l for n 0. Since x — x^£ Ak 
for n ^ 0, we have x — = x — IF^ + Un & Ak r\ Jk — where ~ denotes mod I^^^ . □ 

Put again d^'^^ : Jk — > the restriction of d^'^' : Ak ^q^/q^^ to Jk- 

Corollary 4.3. d^'^'' : Jk ^q^^q^^ is a surjective Ocp-module homomorphism. 

Definition 4.4. For fc e N, put Lk = lim^^ L/p"0[''^ [resp. Loo = lim^ L / p" o\'^^ ) , i.e., the topological 
closure of L in Bk {resp. Sjp). Note that Lq is just L. 

Note that for a; e n Lk, we have a _Bfc-Cauchy sequence {xn} such that x = limxn with x G O^'' as 
in the proof of previous lemma. Let us note the following lemma: 

Lemma 4.5. Let F be a non-archimedean complete valuation field and let Fq be a dense subfield of F. Let 
V be a complete topological F -vector space and let Vq be a sub F^-vector space of V which is closed in V. 
Then Vq is also a sub F-vector space of V . 



In particular, Jk H Lk is an L-vector space and we have a well-defined Oj-module homomorphism d'^^^ 
JkD Lk (^Ot/ciA')d'^- '^^^ image is contained in d^'^^ (0^*^^^^). 

Definition 4.6. For k e N>o, L/K is said to be de Rham at level k if d^^^\0^^~^'') contains (^^o^/o^Jdi' 
and put nf^iL/K) = (^i^^J ,^^,)div/d^''H^fc n Lk). 



Remark 4.7. (i) The definition of de Rham at level k in this paper corresponds to that of de Rham 
at level fc + 1 in Our numbering is natural as we will see in Theorem 4.10. 
(ii) L/K is de Rham at level k if and only if H[j^(L/if) = 0. In fact, assume that L/K is de Rham at 
level k and let uj £ (^c?|/c)^)div- Then we can take ujn G (^o^/e)^)div and x„ G O^*^ such that 
loq = w, uj„ =puOn+i andtj„ = d^^\xn). Then, since d('''(pa;„+i -a;„) =pw„+i-w„ = 0, pXn+i-x„ 
is contained in o'"j^\ Hence we have p'^'^^Xn+i — p"'Xn G p'^O^^^ and so {p"x„} is a i?fc-Cauchy 
sequence. On the other hand, since p"x„ G p"C'^'^~^\ {p^Xn} converges to zero in Bk-i. So we have 
d'-'^^x) = UJ with X = hmp"a;„ G Jk n Lfc. 

By this argument and the Ci-linearity of d'^^^ : Jk C] Lk —> (^Ol/Ok^^l^^' prove 
n'a^^iL/K) = if ImCdC^-) : o[^-'^ ^ ^oi/ojdiv generates i^'^ol/OjM- ^^^^ 

Lemma 4.8. Let L/K be de Rham at level k. Then there exists a constant mk G N, which depends only on 
L, satisfying the following: 

For X G Im(Lfc — > Lk-i), there exists a lift x' Lk of x such that Wk{x') > Wk-i{x) — m^. 

Proof . Take satisfying vr^'" 51^^ ^^^^ — (^^o^/c)^)div Since Wfc(7r^a) — Wk{a) + n for all fc, we can assume 
Wk-i{x) = 0. Let x' G Lk be a lift of x. Choose {x„} C Jfc n Lk such that 'k'^'' d'^^\x') = tt^*" 
d^^\xn) = T^Kd''^\xn+i). Thcn {TT^Xn} is Bfc-Cauchy and we have x" = fim7r^a;„ G Jk n Lk. We have 
7r^'=d('=)(x') = 7r™'=d('')(a;"), so the modified lift x' - x" satisfies the requhed condition. □ 
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In particular, a i3fe_i-Cauchy sequence of L lifts to a i3fe-Cauchy sequence of Lk- Hence we have 



Corollary 4.9. Under the same assumption as above, the canonical map Lk — > Lk-i is surjective. 

Theorem 4.10 (Main theorem). For k £ N>o, the followings are equivalent: 

(i) Forl<n<k, = B^^ . 

(ii) Forl<n<k, J„ n L„ = ^ . 

(iii) For 1 < n < k, ^(^Oi/Ojc ) ^ '-^n'^ ^^'^ L/ K is de Rham at level n. 

Before the proof, we prepare an easy lemma: 

Lemma 4.11. Let F be a non-trivial non-archimedean complete valuation field. Let m,m' G N and let 
4> : i^®™ {F /Op)®"^ be an Op-module homomorphism. Then there exists a F-vector space homomorphism 
. pS)m _^ pS)m yji^icJi makes the following diagram commutative: 



F' 



©m' 



pr. 



{F/Of 



i©m' 



Proof. We can assume that m ^ m' ~ I and (jj^Op) — 0. Take a non-zero element tt in the maximal ideal 
of Op and choose x.^ G Op such that (j>{l/Tr'^) — (l/7r*)a;,i mod Op, then {xi} is Cauchy, hence (j>{l) — limxi 
satisfies the condition. □ 



Proof of Theorem 4-l(\ - (i)=^(ii) This follows from a commutative diagram with exact rows 



(3) 



Jn n Ln 



Ln 



pr. 



(ii)=>(iii) Put TO — dim£ J„ n Ln — dimj J^^, to' = dimj 
By the structure theorem of good modules, we can identify (rj'"-* 



we have a commutative diagram by the previous lemma 



). Then to > m! by Remark 2.12| . 
O./OxMiv = (^/O^)®"'. Since J„nL„ = 



pr. 



/ ^ ^ ^^^^ /'o(^^) 

■ kerd^"'' ^ J„ n i„ ^ l^'ot/O/c ''^'^ 



,)dr 



ker£)(") 

with an exact row. Since kerD^") C (ker c?("))(jiv C (/"//"^^)div = 0, we have m' > to, i.e., to = to'. 

(iii)=^>(ii) Put TO — dimj J„ n Ln, ™' = dimg 1^(51^'',^ ). By the surjective O^-module homomorphism 



L 



Jn n Lr 



"Ol/Ok' 

(«) ^ 
Ol/Ok> 



{L/O'. 



we have m>m'. Since J„ fl L„ C J^^, we have the conclusion. 

(ii)+(iii)^(i) This follows from the diagram (H), Theorem 1.6 and Corollary 4.9 
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□ 



5. Deeply ramified extensions and shallowly ramified extensions 

For a finite algebraic extension L/K, denote 'Sij^jK the different ideal of LjK. This is the fitting ideal of 
^Ol/Ok Lemma 1.1]). 

Definition 5.1. An algebraic extension L/K is deeply ramified (resp. shallowly ramified ) i/dimj ^(^Oi/OK) 
= d + I {resp. 0). 

Note that, for a finite subextension K' /K of L/K (resp. a finite extension L' /L), L/K is deeply ramified 
or shallowly ramified if and only if L/K' (resp. L' / K) is so. In fact, we have r{ytg,^^) = r(n^^^^J (resp. 
r(f2^^^^^^) = ^(rij-, ,/e)jf ))■ In. the case of ^q^^q , , this follows from Lemma |2.3| and Lemma 3.10| . Let us 
consider the case of r{fl^ r /Ok^' [3erl, V, §4, Lemma 6], we may assume that there exist finite extensions 
K"/K'/K such that K" and L are linearly disjoint over K' and that K"L = L'. Replacing K by K', we 
may assume there exists a finite extension K' /K such that L' = K'L and that L, K' are linearly disjoint over 
K. Let {L\} be the finite subextensions of L/K and put L'^ = L'L\. Then, by the definition of different 
via the trace form (|Serl, III, §3]), we have Vp{Dji'/j() > Vp(2)^'^^^). Hence il^^^^^^ — lim^ ^ is 

killed by some power of p and this implies the equality r(r2^^y^^) = r{il^ Lemma ^.10 Also, it 

is easy to see that, if L/K is deeply ramified, then L' /K is deeply ramified for all algebraic extensions L' /L. 

Example 5.2. Let ti, . . . ,td he a, p-basis of Kq. Put 

Kn = K{Cp-,tf'\. . . Koo = Uif„, 

where Cp" is a primitive p"-th root of unity. We prove that Koo is deeply ramified over K . We can assume 
K ^ Kq. Note that 

By a simple calculation, we have 

^h^[C,.]/o^ = (OK[Cp"]/p""^)dlogCp™, 

where dlogCp- = (l/Cp'O^Cp- and dlogi^"" = {l/tf'^)dtf" . 
Thus, we have 

^h^,jo. = (Ox„/p"-5^)dlogCp" ® ®i<,<,(OK„/p")dlogtf 
which implies that K^o/Kq is deeply ramified. 

As an obvious example, K/K is deeply ramified. Typical examples of shallowly ramified extension are 
unramified extensions and tamely ramified extensions. 

Tiieorem 5.3. For an algebraic extension L/K , the followings are eguivalent; 

(i) L/K is deeply ramified. 

(ii) For all finite extensions L'/L, Tr i^i ^i^{m.L') = vcil. 

(iii) For all algebraic extensions L'/L, fl^ , jOi, ~ 

(iii)' For all algebraic extensions L'/L, fl^^^^^^ is almost zero. 

(iii)" There exists an integer m such that, for all algebraic extensions L'/L, p^ilj-, ^ — 0. 

(iv) n\,^^^^ = {L/OLr'^+\ 

Proof . First, we prove the equivalence except (ii). 



(i) and (iv) is equi valen t by Theorem |3.8| . Obviously (iii)=>(iii)'=>(iii)" . Using Lemma to K/L/K 
and applying Lemma 3.1C| , (iii)" implies r{Vl]^^i^^) — r{^l]^_jf^^) — d, i.e., (iv). To prove (iv)^(iii), 
by Lemma 2.3, we have only to prove that, for any algebraic extension L' /K^ an injective O^'-module 
homomorphism t : {L' /Ol')®^'' {L' /Ol')®^ is surjective: It suffices to prove the surjectivity after taking 
the p'"-torsion part of both sides and we can assume L' / K is finite. Then the length of the cokernel of 
is 0, i.e., /-[p™] is surjective. 

We will finish the proof by proving (i)=J>(ii) and (ii)=:>(iii)'. 

17 



(i) =>(ii) Obviously, we can choose a tower {L„} of finite subextensions of L/K such that, for each n, there 
exists a surjective Oi^^i-module homomorphism fi^^ (Cl„+i/pOl„+i)®''^^- By replacing K by 

a finite subextension of K in L, we can take a finite extension K' / K such that linearly disjoint from L over 
if and L' = K'L. Then by [Fal, Theorem 1.2] and |Tate, Proposition 9], we have Tr^/ (m^' ) = ttil^, 
where Loo = and i'oo = ULnK'. For any finite subextension L\/K of L/K, we can take the above 
tower {Ln} satisfing L\ C £oo- Then we have m-L^ C tul^ = Tr^' /^^(m^' ) C Ttl, /^{mL')- Hence we 
have Tri//i(mL') = mi,. 

(ii) ^ (iii)' First, note that (ii) implies ei^/x — oo: If not, by replacing X by a finite subextension Ki of 

i^T in L with ej^/^c = ^Ki/K) we may assume e^jK — 1- Put L' = L{n^^ ) and K' = K{n^^ ). Then, for all 
finite subextensions L\/K of L/K, Ol^k' = Ol^ ®Ok' since ^LxIk ~ 1 and e^' jK = \K' : K] = p. Denote 
the integer part of a; by [x]. Then we have ([ ^erl , III, §3, Proposition 7]) 

p-l 



- +eK 
P 



= eK + l>l, 



which is a contradiction. 

Next, we prove that (ii) implies the following claim: 

Claim. For any finite extensions K' / K which is linearly disjoint from L over K , there exists a tower {Ln} 
of finite subextensions of L/K such that Vp{^i^^x'/L„) — > (n — > oo). 

Note that, for any tower {Ln} of finite subextensions of L/K, {vp(TiL^K'/L„)}n is a decreasing sequence. 
Choose a tower such that {Ti^^k' /L„i''^L„K')}n generate xtil over Ol- Such one exists since is 

countably generated over Ol- We will prove that this {Ln} satisfies the condition. 

If Vp{Dl^k'/l„) ~> s {n ~* oo) with e 7^ 0, we can choose sufficiently large no such that l/eL„g < 
Vpi^L„K'/L,J for all n ^ 0. Then we have 

1 

VK(T^L„K'/L„imL„K')) = [vL„imL„K') + VL„i^L„K'/Lj] 

1 



> 



WL„(mL„A") + eL„- 



1 1 



> 



00. Hence we have proved 



which contradicts the assumption that the left hand side converges to as n 
the claim. 

Finally, let us prove (iii)'. To prove this, we may replace K by a finite extension of K in L. So we may 
assume that there exists a finite subextension K' / K in L' /K such that K' and L are linearly disjoint over K 
and that L' — LK'. Let L\/K be any finite subextension of L/K and put L^ — L\K'. Then, by applying 
the claim to the finite extension L^/L\, we can choose a tower {Ln} satisfying the conclusion of the claim 

,/Ol f^'^toi'S through the almost zero 

□ 



with L\ C L. 
module fl^ 



Ui„. Since the canonical map ^ ^^^^ 
— lini , the assertion is proved. 



Proposition 5.4. Let L/K he deeply ramified. Then 

(i) fl^^^^^ is p- divisible. 

(ii) Vp{eL/K) = 00, sup^/ Vp{eLi/K) = 00 where L' runs through all finite subextensions of L/K. 

(iii) kL is perfect. 

(iv) H^(GL,m-j^) — 0, where m-j^ is endowed with the discrete topology. 

(v) Put Al{x) = infcrgG^ Vp{x" — x) for x € K {cf. [Ax|). Then Al{x) ~ supg^i^LVp{x — a) for all 
x eK. 

(vi) All Cp-representations of Gl are admissible and H'^(GL,y) = 0, fc > 0, for all B^^-representations 
VofGL. 



We only use the property (vi) in the following. 
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Proof . (i) This follows from Theorem |5.3| (iv) . 

(ii) Assume Vp{eL/K) < oo and deduce a contradiction. By replacing K by its finite extension K' if 
necessary, we can assume Vp{eL/K) = 0. Choose a finite subextension L'/K of L/K such that the p-adic 
valuations {ei, . . . ,ed+i} of the invariant factors of ^c>,^,/Ok ^^-tisfy ei > ■ • • > e^+i > 1. By replacing K 



Now use 

mod ttkOk[Xo, . . . , Xd] by the construction of Po{X) 



by the maximal unramified extension of L'/K, we can assume that L'/K satisfies Hypothesis 2.15 
the same notation as §2.3. Since Po{X) = ^o^^^ 
and dPo{Tr) — 0, we have 



0<i<d 



for some a e Ol'- Hence we have /x(pr2^ i/Ok^ — ^^^^ contradicts to the assumption of e^'s. 

(iii) Assume that is not perfect. Choose t e Ol with i d kL\k^ and put L' — L{tP ). Then one can 



OL{t^ ], in particular ill 



0, which contradicts to Theorem |5.3|(iii). 



Theorem 2.4], H1(Gl,0-^) is almost zero. If H^ (Gl, m-j^) ^ 0, we have x ^ K such that the 



prove Ol' 

(iv) By 

1-cocycle s defined by x is not a 1-coboundary. Choose e G Wp(i^) such that info-eGt Vp{x'^ — x) > 2£ > 0. 
If we consider the 1-cocycle defined by x/p^"^, this cocycle class in Y{^{Gl,0^) is killed by , so we have 
X ~jfx' £ L for some x' € Oj^. Hence s is a 1-coboundary, which contradicts to the definition of s. 

(v) Assume that there exists an element x £ K with Al{x) > sup^g^ Vp(x — a). By multiplying with some 
element in L \ {0} if necessary, we may assume the inequalities inf o-sGl Vp{x°' — x) > > sup^g^ Vp{x — a). 
Then, since the 1-cocycle defined by x is killed in H^(Gl, ni-j^) by (iv), there exists a G L such that x~a G mj^. 
this contradicts to the above inequality. 

(vi) We can reduces to t he case that is a Cp-r eprese ntation. Since all Cp-representations of Gl are 



uj and the argument of |3en2, Propo sition 4], it suffices to prove the equality 

□ 



admissible by Theorem 5.3 

H'^(Gl,Cp) — for fc > 0. We can prove this by the argument in [Tate, (3.2)], using Theorem 5.3(ii). 



Remark 5.5. Let {G'^}aeQ>a ramification filtration of Abbes-Saito (|AS]). An algebraic extension 

L/K has a finite conductor ii L C K ^ for some a. If L has a finite conductor, then L/K is shallowly 
ramified by [AS, Proposition 7.3]. In classical case, i.e., kx is perfect, the converse is also true (|CC, p. 143]). 
In imperfect residue field case, the author does not know this is true. For other properties of deeply ramified 
extensions and geometric applications in classical case, see ]pG|. 



Theorem 5.6. Let L/K be a deeply ramified extension. Put Ik = I/l'^'^^ C Bk- 
(I) In addition to the conditions of Theorem i-li, the following are equivalent: 



(i) 'Lfc = B,^-. 

(ii) ' For 1 < n < k, JnC] L„ generates J„. 



(in)' Forl<n<k, Vp{Q. 



in) 
Ol/Ok 



- 1^^ 



id d^"-' : O^" ^c>1/Ok surjective. 



(iv) For 1 <n < k, /„ n L„ = I^^ . 

(iv) ' For 1 < n < k, In n Ln generates In 

(v) 4nLfc = /f^ 

(v) ' Ik n Lk generates Ik ■ 
(II) The followings are equivalent: 

(i) 



+ \Gl 



(ii) For all k G N, Lk = 

(iii) /n£oo = /^^. 

(iii)' / n Lao generates I . 



Proof . (I) (i)=>(i)' is obvious and (i)'=>(i) follows from the surjectivity of 

(ii) <^(ii)' A direct consequence of Proposition 0|(vi). 

(iii) =4«(iii)' follows from Theorem p. 14 , Theorem |3.8| and Proposition 5.4 (vi) and (iii) 
(ii)^(iv) We will prove 

/; n Ln = {Lnf"- for 1 < i < n 
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>(iii) is obvious. 



by induction on n: In the case n = I, there is nothing to prove. For general n, we use descending induction 
on starting from i — n: In the case i — n, there is nothing to prove. For general i, the conclusion follows 
from the following commutative diagram with exact rows 



Ji-i n Li 



0- 



(In) 



i\Gi 



0, 



where the surjection in the upper row follows from Corollary 4.9 



(iv)=>(iv)', (v)=^>(v)' Since the projection I^^ /^^ is surjective and h = Cp (Ii'"), we have the 
conclusion by Nakayama's lemma. 

(iv) =>(v), (iv)'=>(v)' Obvious. 

(v) '^(ii)' From (/„ n £„)" C J„ n Ln and = J„. 
(II) (i)^(iii) Obvious. 

(iii)^(iii)' We have the canonical surjection I'^^ — lini(-^^^) — > Ij^'" and the canonical isomorphism 
Ii = Cp ^ {I^'")- From these, we see that I^^ generates / by Nakayama's lemma. 

(iii)'=J>(ii) Since the canonical projection / — > /fc is surjective, the condition (v)' of (I) holds for all A; G N. 



(ii)^(i) {B+^)^^ = lim = lim Lk = lim lim L/p^'O^^'^ = hm L/p"0 



□ 



Lk {resp. Loo — (^dR.) )' then we have L'k = -B^, 



Corollary 5.7. LetL/K be deeply ramified. If Bj^ 
{resp. L'oo = (^dR)*^^') "^^^ algebraic extensioub ^ 
Theorem 5.8. Let L/K be shallowly ramified. 

(i) Lk = B^"- and L^o = (5+^)^^ . 

(ii) The valuations {wk\L} of L are equivalent to each other. In particular, we have canonical isomor- 
phisms 

L — Lk — Lac 

as topological rings. 
The proof reduces to the following theorem: 
Theorem 5.9. If L/K is shallowly ramified, then J^^ — for all fc £ N. 

Let us prove Theorem 5.8, admitting Theorem 5.9: The equality Lk — B^'^ follows from Theorem 4.1C| . 
Since ker (L^ ifc-i) = Jk ri Lk C jjf^ — 0, the canonical projection Lk Lk-i is injective. So, the 
equivalence of semi- valuations { wklh } is a direct consequence of Lemma 4.8. 

Before the proof of Theorem |5.9| , we need some lemmas. For a while, let L/K be a general algebraic 
extension. 

Notation. Fix C^pn a primitive p^-th root of unity with C^n+i — Cp" '^'^'^ ^ — (Ij Cpi Cp^, . . . ) G For 
X S O-j^, put L(x) — IJjj L(a;*^"'). For x G Ok \ {0} and x as before, let : Gk ^ 2p be the map such that 
a{x)/x — e''s('^) for a G Gk- X denotes the cyclotomic character and /ipoo denotes the set of p-power roots 
of unity. 



Lemma 5.10. Let K', L/K be linearly disjoint algebraic extensions. Let {K^} (resp. {^a}) be finite subex- 
tensions of K' (resp. L) over K and put L^ = K^L\. Assume r(r2^ , /Ok) ~^ '"(^Oi/OK-^ — ^^^Ti ®^k' 
I /Ok ~^ ^Ti®OL ^Oi/Oif ^^^^ there exists a constant C satisfying 



Moreover, we have the equality 



where L' = K'L. 



< Vp(Dk^^/k) - Vp(^l^jlJ < C. 
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Proof . Let us prove the first part. The LHS of the asserted inequahties is from the linearly disjointness 
(see the argument after Definition 5.1). Put M, N (resp. M^, N^) the kernel and cokernel of the canonical 
morphism of Ol' ® ^ ^k'/Oi. (''^^^P- ® ^Okm/Ok ^ ^o^m/Oi,J- 

Put n = Oj^(E)o^, ^h^,/OK®'^K®o^ ^Oi^/Ok' ^' ^K^o^, 2o^,/o^. ^h^/OK ^^'^ denotes 

the fitting ideals of N^, by 2{N^), X{M^). Applying Lemma 3.1C to an exact sequence 



0- 







with ^ i7 ; {ijji,uj2) ^ oJi — Ul2^ we have r{0^ ®o^, M) — r{M) = 0. Since {M'^} is a direct system of 
M, we have a constant C such that Vp{I{M'^)) < C. By an exact sequence 







■Or 



■0, 



we have the first assertion. Since we have the inequality Vj, {2 {N^) ) < Vp{T{M^)) by the first assertion and 



the above exact sequence, the last assertion is from Corollary 3.11 



□ 



For a while, let Kq is an absolutely unramified local field and assume K = ^^o(Cp"o) for some ng > 1 
(Case 1) or K = Koi't'^'''''^) (Case 2) for some uq > where t is an element of Kq such that t G k^g \ ■ 
Let us put 



if" = 



(Case 1) 



Xo(i("o+n)) (Case 2) 



and X' = UX". 
Lemma 5.11. t'j, (XI if 



Proof. Since, for finite extensions L1/L2/L3/K, we have Di^/Lg = '^Li/L2'^L2/L3 (| 3crl . III, §4, Proposi- 
tion 8 ]), this is a direct consequence of Example 5.2. □ 

Lemma 5.12. Let K,K^^,K' be as above and let L/K be an algebraic extension such that the extensions 
K',L/K satisfy all the assumptions in Lemma 5. It. Let {L\\ be the set of finite subextensions of L/K and 
put L^ = K^L\, L" = K"L, L' = K'L. Let a be an element of Gk such that a\K^ 7^ idi<-i and let \ ■ \ be 
the p-adic norm. Then we have the following. 

(i) Vp{D ^j^^) = Vp{'Zl K-r^ /k) +^A' where {b^}n is a decreasing sequence and {h^}n,\ is bounded. 

(ii) |Tr^.+i/,^„(a;)|<bP+''^^ 

(iii) |a; -]3-iTr^„+y^„(a;)| < bl^^lx" - u., ju, ^ -l.^ 

(iv) // we put t[^i jj^ = lirn^^ [L" : L] ^Tr^^n jj^, then there exists a constant Ci such that 

\tL'/Lix)-x\<Ci\x'' -X\. 

Proof . The proof is similar to that in JPatel , (3.1)]. 

(i) We have only to prove that {^^'Ia is decreasing. Since L", 7^"+^ is linearly disjoint over if", we have 



\x\ forxeLl+\ 



x\ for x e L"+^ 



< Vp{T)K"+^/K") ~ '^p(Sl"+i/l'>) = ^ ^A by argument after Definition 5.1 



(ii) is a direct consequence of Serf , III, §3, Proposition 7] and Lemma 5.11 , Lemma 5.12 (i). 

(iii) Note that, by the assumption on K, the set {o'P"^\j^'i+i}Q<i<p coincides with the set of conjugate 

maps of Ll+^/Ul Put r = a'P" . 



px — Tr, 



, {x) = px ■ 



E 

0<i<p 



T X 



E 

0<i<p 



r 



{1-t')x 
-1)(1-t)x. 



= E (1 + ^ + - 

l<i<p 

Hence \px — Tr^n+i^^„(x)| < |(1 — t)x\. 

(iv) Put t^i ij^^ = lim [L" : La] ^Tr^^r./^^^. We prove by induction on n an inequality 
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\x-t^,j^^{x)\<cl\x'^ ~x\ ilx^Ll 

with c\ = \p\~^ , c^~^^ = Ipf'^ which implies the assertion. When n = 1, this is (iii). Assume the 

above inequahty is true for n. Then, for x G L^^^, we have 

-ptL'/L{x)\ < cl\aTT^„+i,^Jx) - Tr^„+i ,^„(x)| 

A'A A'A A'A 

= c^|Tr^.+./^„(2;- - x)\ < c^i,\p\'+''^^"'-'"^ \x^ - x\ 

by (ii). By (iii), we have 

\x - tL'/L{x)\ < sup (|x -p-iTr^„+i/^„(a;)|, \pf^'-'"cl\x'' - x\) 

< sup (cl, \pf^'-''^^c^i)\x^ - x\ = \pf^'-'"c-^\x^ - x\. 
Hence the asserted inequahty is true for n + I. □ 

Corollary 5.13. In addition to the assumptions as above, we assume fipoc G L in Case 2. Then, H'^(Gi/ /i, L'(n)) 
for n ^ (Case 1), H^(G'/^/ /i, L') — L[s^ [Case 2), where (n) denotes the Tate twist by x" o,nd [*] denotes 
a cohomology class of * . 

Proof. First, note that tj^i/i^ : L' ^ L extends to a continuous surjective L-hnear map tj^i/i^ : U ^ L. 
Hence, by applying Tat 4 Proposition 8], we have only to prove that the cohomology class of does not 
vanish in Case 2. Since i^'/L kills 1-coboundaries BjQ,j^(Gi'/i, L') and t]^i/i^{s^) — ^ Zl^j-^^{G]^i /i^,'Zip), 
this follows from ^ 0. □ 

Proof of Theorem \5. 4 We only have to prove the theorem under the assumption E K d L. Choose a 
p-basis ti,...,td of Kq and put K'^^'> — Ko{fj,p^){ti, . . . ,tj), L^^'> = K^^'iL and Sj — Sf. for < j < d. We 
claim that 

for some nj G N. Moreover, we claim that H'^(G'^(o)/£,, L^^^ (n)) — for n ^ and iV- (G i^{d) / i^{o) , 
©i<j<di(°)[si]- 

Let us prove this claim. By the hypothesis on K, if K'^^^ r\ L ^ KoiCp"") for all rig, then K^^^ C 
L. Then we have — r{il^^^^^) > r{Q,^ (o)/Ok) ~ which is a contradiction. So we have n 
L — -ft'o(Cp"o) for some uq. Since K'^^^ / Ko{(p^o) is Galois, K'^^^ and L are linearly disjoint over Ko{Cp"o) 
and so we have r(flL ,„ ) = r(D,l„ ) — 1, r(f2L ) — r{^^ ,„ ) = 0, riO-r^ ® 

f^l, in +0-iT®^]^ i„ )>r{^]^ ,„ ) = 1. Therefore if' = L/Xo(Cp"o) 

satisfy the assumption of Lemma 5.10. Applying Lemma 5.1C and Lemma 5.13| , we have r(f2^ {o)IOk^ ~ 
H°(Gi(o)/^, L(o)(r7,)) = 0. We prove the rest of the assertion by induction on j (0 < j < d). (Instead 
of proving Hi(Gi(<i)/i(o),i('')) ^ ©i<j<di(°)[si], we prove Hi(Giu+i) mo), i'^+i^) = ©i<j<j+ii(o) [s,].) 
Since r(f2^ ( ^^ij/Ok-^ =J + 2>j + l = »'(f^Q ( )/Ojf) Example 5^ and the induction hypothesis, 

we have ifO+i) ^ L^), i.e., ifW+i) ni^/^'^'' is finite. Put ifO+i) n L^^'^ = is:(^)(^^i'"'^'^)> then 
L^-'-', K(tjj^\)lK(tjj^\ satisfy the assumption of Lemma 5.10. As a consequence of Lemma 5.1C and 

Corollary 5.13| , we have r(il^ ( +i)/Ojc) = J + 2 and H-'^(G^(j+i) /^^(j) , = i(-')[sj+i]. In the inflation- 

restriction sequence 







Hi(GiO>i,/i,o, , m) Hi (Gio+i,/i,o, , iO+D) Hi (G^o+D/i,,, , iO'+D) 



the base [sj+i] of the last term lifts to the middle term, i.e., the right arrow is surjective. So, the assertion 
follows from the induction hypothesis. 
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Now we have Ji — (BQ<j<d^pVj, where the action of Gk on {vj} is given by 



fx 



-hsi 
1 



-tdSd \ 



(empty entries are 0) 



1 / 



and Jk = Synic Ji 



d+iCpu" where i^ij. 



d+l 



{n e W+^\\n\ = k} and w" 



■vy ([Bri, Just 



before Lemma 2.1.12]). Obviously, {G na-, , Jk) = Let >- be the order on N^+^ defined by 



>- n"^ ^ '^0 > ?^0' 5: '^ii • ■ • I ^d 1^ n-\ 



For n' e put iV„, - Uo<,<<i ^ 



^ n' + Gj}, iV°, = Uo<,<d e N^^'l" ^ + ej}, where 



Gj = (0, . . . , i, . . . , 0) for < j < rf. Since ©„gAr^, and 0„gAro^L('')t)" is G^(d) /^-stable, we have 
L('^)-representation of G^^id) 



an 



yo<j<d 



(empty entries are 0). 



14' - ®neN„,L('ih"/ e„ew=, i^'^^^^" 
and the Galois action on {v^ +®j } is given by 

/ X""^^ -iisix"" ■ ■ ■ -tdSdX'''° 

V J 

Then HO(Gi(d)/i, 14') = 0: Let x = Eo<j<<i ^i'*^''^''' ^ ii°{GLW/L,Vn')- Restricting to Glw/ho), we 
have Xj G L'S') for j > and {a — l)xo = '^Zjyo^j^j^ji^) ^o^' ^ G^(d)/^(o). Since H-'^(G^(d)/^(o), i('^)) is 
an L('^)-vector space with a basis [si], . . . , [sd], we have Xj — for j > 0, hence xq e LC'). Also, we have 
xo(log[e])"o+i e HO(Gi(o,/i,LW(nJ, + 1))=0, i.e., = 0. 

Let us finish the proof. Let x = X]nGN'!+^ a^nw" G with x„ G Lt*^). To prove a: = 0, we have only 
to prove that, for all n' G N^l^i, we have Xn'+ej = for < j < d. If not, choose a minimal (with respect 
to the above order >-) n' G N^li with Xn'+Sj 7^ for some j. Then the image of X^new , ^nV'^ in Ki' is 
contained in H*'(G£^(d) y^,, 14') by the minimality of n' . Hence we have Xn'+ej = for < j < c?, which is a 



contradiction. 

Finally, we describe some concrete examples. 



□ 



Example 5.14. Fix a uniformizer -kk of K, a p-basis ti, . . . ,td of K and put S„iiX) = + n^X. Let 
L/K be an algebraic extension generated by all roots of S'm(X) = 7rR-'"\ S'm(-^) = tj " , I < j < d, for 
all n, m. We prove that L/K is deeply ramified and satisfies Lk — B^'^ for all k and L^c — (^dn)*^^- 

For n G N>o, choose a;°,a;^, . . . ,a;$^ such that 5*1(2;°) = ttr-'"', 'S'i(x^) = • • • ,S'i(xJ^) = t^^"^ and put 

Ln = K{Tr°, . . . , TT^). Then, O^^ = 0^^°, • . • , tt^J = OxiTrO] (g) • • • ® O^riTr^] and the minimal polynomial 
of 7r,° (resp. tt^) over Ok is 6*1 (X)^' — tt^ (resp. Si{X)p — tj). It is easy to see that the p-adic valuation 
of the unique invariant factor of il^ \-K^\jo least n. Hence LjK is deeply ramified. By the proof of 



Lemma 2.7, we see that Lk contains [tt^c], [ti] 
which generates I /I^^^. 



[td], therefore contains ttr - [ttk], ii - [ti], . . . ,td - [td\, 



The following example is a generalization of [|^, Corollary 8.2]. 



Example 5.15. Let m G N>o and assume m > 1 or ex > 1. Let q — and put / = X'' + -kkX, 
r'' = ,f o ■ ■ ■ o ,f (n-tinies). Put ttq = and let ttq — ti, . . . ,7Tq — td he a. p-basis of K. Let Kn/K be an 
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algebraic extension generated by all roots of f"{X) = tt" for < j < d and Koo = ^Kn. In the following, 
we prove that Koa/K is deeply ramified and de Rham at level 1. 

For n G N>o, fix tt^ for < j < d with ttJ ^ such that /(tt^) = ttI^_^ and put L„ = K{ttI\ < j < 



d, n G N), L = Ui„. We have only to prove the assertion for L/K by Corollary 5.7. 
By a simple calculation, we have 

Ol„ = OkK, . . . , 4] = OkK] «>o^ • • • ®Ok 0k [4], 

where Jo = 1/(9 — 1), = for < j < d. In particular, L/K is deeply ramified. On the other hand, by 
taking derivation of the equation /(tTj^^i) — tt^, we obtain (7(7r^^]^)*~"'^d7r^_|_]^ + Tr^dTr^i+i = ^tt^. Hence, for 
A G with Uif (A) > n + 1 — (5 j — e^m > WK(Ann(<7(7r^_|_;^)''~^d7r^_i_;^)), we have 

(4) AdTT^j = TT/f AdTr^j^;^. 

Put L-' = K{ttI^ \ 71 G N) and we claim that, for uj G il^ and fc G N, there exists a; G O^j such that = 

TT^dx. Let us prove this claim by induction on [ux(Ann(u;))]: Assume ttk^ — 0. Write w — Xdn-i^ for some n G 
N, A G O^j and considering the annihilator of both sides, we have ujc (A) > UK(Ann(d7r^)) — z;x(Ann((jj)) > 
n ~ Sj — 1 > n + 1 — Sj — eKTU. Applying (^), we have Xdn-j^ = tt/^ Ad7r^_|_]^ and iterating this procedure 
and taking m sufficiently large with tt^^^X G 0^l\ we have uj = 7r^Ad7r^+„ = 7r|-d(7r^~'^Ad7r^_|_„j). For 
general lo, applying the induction hypothesis to ttr'^, we have ttk^ = ir^^dx and again applying the 
induction hypothesis to w — n^dx, we have the conclusion. In particular, d : O^i £7^ ■ /Ok surjective 



and this implies H|(2(L/i4r) = by Remark 4.7(ii) since Cl^^^^^ — ©o<j<dCL ® j/Ok ^"^"^ i/Ojc 



p-divisible. 

~ (n) ~ (n) 

Example 5.16. Assume K — Kq. Let ti, . . . ,td & K he a. p-basis and put Kn = K{(pn,ti , . . . ,td ), 
L = UKn- By Example |5.2| , i/X is deeply ramified. We will show L/K is not de Rham at level 1. To prove 
this, we only have to prove lm{d : Ol — * ^Ol/Ok^'^'^^ ~ fa-ct, we prove a finer statement: 

Proposition 5.17. Let lo G i^^^, /Ok ' — 1- there exists m > n + 1 and fc G N such that lo G p'''Im(d : 
Ok^ ^l,^^/^^), then to G p''Im(d : Ok^ ^ n^^^^^^^). 

Proof. We win prove lo G p'^Im(d : C'a:„_i ^2^^ /Or-)- = - 1), £] = for < j < d and 

put G as uj^ = dlogCp™, lo^rn = dlogi/™^ for < j < d and put fo = p"'-^{p ~ 1), f-j = for 

< j < d. By Example we identify 

Let X G C'/i-,^ such that p'^dx — lo. Let to — J2j ^j^i. — J2j P"^''^^ ^j^m with Xj G Oxn- Writing 
X = J2o<e<f '^^e"''^ with Og G Oa' and tt^ — Cp'mti^ ^ ^ ■ ■ - td "* and considering dx, we have 

(5) /■ ^ e.aeTT^ G p"-"A, + p™"^^ Oa„ 

e 

for < j < d. 

Ok,^ has a basis T = {■k'^\ < e < /} as a free Oif-niodule and C'i<-,„_i has a basis Ti = {Tr*^! < 
e < /, p|ej for all j} over Oa- Let F be the free Ox-module spanned by T \ Ti. Then the direct sum 
^K,„ = OKm-i © is stable under multiplication by Cp, so is multiplication by p^-^j . Writing both sides 
of (||) as a sum Ok^^i © V and looking at the first factor, we obtain 

V e,a,^' G p™-"A, + p"'-'^ Ok^_, . 



p\eo,...,ed 

^p|eo,...,ed " ^ ' "-' .^^,,..^i.r-.^ P 
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Hence ?/ = J2p\e„.... "e'^" ^ '^K,„-i satisfies p'^dy = lo. □ 



Now we know Li ^ B^'^ . As for Li itself, the canonical projection pr : Li ^ L injective: For a general 
algebraic extension L/ K, we have an exact sequence 

^ p'^O^l'^^ Iv^O^l^ ^ Llv^d'l^ ^ Ljv^O^^^^'^ ^ 



with Im(d('=) : O't'^^ lo ) = O^^^^'^ jof^ ^ p^'O^j^^^'^ /p"0^^\ Passing to the limit, we have an 



exact sequence 



limdW(0[''"'^) ^ Lk ^ ^ W ^ 



where the inverse limit is taken for multiplication by p. Note that lim S''^ (O^*^ ) = if lm{d^'^'' : o'^ 

Applying this to our L and fc = 1, we see that pr : Li — > L is injective since Im(d : Ol ^Ol/Ok '^'^^^ ~ ^■ 
Moreover pr is not surjective: If not, pr would be an isomorphism on p-adic Banach spaces by the open 
mapping theorem of p-adic Banach spaces. However, {p"Cp"} is a p-adic Cauchy sequence, which is not 
Si-Cauchy: If there exists sufficiently large n < m £ N such that p™Cp™ ~P"Cp" G P^Cl ■* then, by a simple 
calculation, we have p'"~^(Cpm -(p„)dlogCpn« =0. This implies Wp(p™~^(Cpm —Cp")) = m— 2+l/p™^^(p— 1) > 
?;p(Ann(dlog(^pn. )) = m — l/(p — 1) by Example 5^, which is a contradiction. 



Remark 5.18. Let [K : Qp] < oo. As a consequence of the Lubin-Tate theory. Example 3.15| and 5.16| , 

K^^/K is deeply ramified and 

K'''°/K is de Rham at level 1 ^ if 7^ Qp. 
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